PSEUDO-VALUATION DOMAINS : A SURVEY

AYMAN BADAW]

l. InrronDUCTION

We assume throughout that all rings are commutative wilh # 0. We hiegin
by recalling some background material, As in [41], an integral domain & with
quatient field K i called & psendo-valnation domaim (PVD) in case each
prime ideal [ of £ s strongly prime, in the sense that a2y € Pox 2 K.pe X
implics that either # € P or yp € P, Psendo-valuation domains have heen
o (24) (3 (4 161 (300 (28] 17] (1), (2], 35], [a6),
[3], [34], (9], [10], [12], [13). [38]. and [19). In [&], Anderson, Dobbs and the

studied extensively in [42

auther generalized the study of pseudo-valuation domains to the context of
arbitrary rings (possibly with nonzero serodivisors). Recall from [&] and [5]
that a prime ideal P of 1 is said to be strongly prime (in i) i ol and bR
are comparable (under inclusion) for all a,b & K. A ring B is called a parido-
viluation ving (PVR}if each prime ideal of 7 is strongly prime, A PVR is
necessarily quasilocal 8, Lemma 1{h)]; a chained ring(recall that a ring 7 is
said to be a chained ring if for every a.b & R, either a | bord|a)isa PVR
[[8l, Coroliary 4]; and an integral domain is a PVR il and only iF it is n PVD
(el [3, Proposition 3.1], 4, Proposition 2], and |10, Proposition 3]). Reeall
froa [11] and [25] that a prime ideal P of i is called diveded if it is comparable
(under inclusion) 1o every ideal of /. A ring # is called a divided reng if every
prime ideal of 1 is divided. In [14], the author gave another generslization of

PVDs to the context. of arbitrary rings (possibly with nonzero gerodivisors).
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Recall from [ that for o ring B with total quotient ring T{R) such that
Nl R} oo divided priee idesl of 7, let g0 TR — K = sy sueh
that éla/b) = afb for evervoa € K oand every b € B\ #(R). Then o is a
ring homomorphism from T(R) into /0, and ¢ restrieted w B is also a ring
homamorphism from B into & given by o(x) = 2/l for every = € B A prime
ideal ¢) of ¢(R) is called a H-strongly prime i oy € @, 2 € Ky e K implies
that cither x € ¢ or y & €. I cach prime ideal of ¢{#) is K-strongly prime,
then ¢{ ] is called a K-psende-valuation rovg (K-FVR) A prime ideal P of B
15 called a g-strongly prime il () 15 a Kestrongly prime ideal of o 7). [T each
prime ddeal of 7 s ¢eslrongly prime. then Bs ealled a E.":'-;:'.&'e:-.!.!r,"ﬂ- veitdiation
ring {ip— PV R It s shown in [14, Corallary 7(2)] that & ring ® 15 a ¢-PVR
il and only if Nil(R) s a divided prime ideal and for every a, b & £\ N#l(12),
aither o | bin f£ar i | acin B {or each nonunit ¢ £ 5. Also, it s shown in |15,
Theorem 2.6] that for each n = 0 there s a ¢-PVR of Krull dimension n that
is not u PVR. g-pseudo-valuation rings have been studied extensively in [14].
[15], [16], [17], and [22], We would like 1o point out that if & is an integral
domain, then Dobbs, Fomtana, Huckaba, and Papick in [30] have defined and
studied "T-strongly primes” and "strong rings™ (see section 4) . Chang [22]
gave another generalization of pseudo-valuation domains. Reeall from [22] tha
a Marot ring & with total quotient ring TR} is called an r-psendo-valuation
ring (r-P'VR) il each regular prime ideal I of 7 is r-strongly prime, in the
sense that oy € 1, x € T{R). v € T(R) implies that éither £ € 2 or ye P
Chang (22] gave an exampleof an r-PVR that is not a ¢-PVR

In this article, we will anly study and survey paeudo-valustion domains, 1
the reader is interested in Lhe generalization of pseudo-valuation domains to the
context of an arbitrary rings with nenzero zerodivosors, then we recommiend
L2], [13], (4], [15]; [16) [17). (18], and {22].

the following papers ; [8], [3], [11],




2. PSRUDO-VALUATION DOMAING

o by Dy st bing sone sioopsle properiies ol charaeterizations of psendo-
W begran Dy st i i |
valnation domains (PVDs) Heoall that an integral domeain B35 ealled o oval-

ation domain i for every e, b € R, cither o | boor & o,

PROPOSITION 2.1, ({31, Proposition 1.1]. Every valiation dommm ts o

paendo-valuafion domain, O
The [ollowing propesition i= a characterization of strongly prime ideals,

PROPOSITION 2.2. ([31, Proposition 1.2]}L Let P be a prime sdeal of a
domam Howith quotient fleld 7

P e P owheneverze KNV O

PROPOSITION 2.3, (T4l Cavollary 1.3]) Ma psende-valuation domain
R, the promee wdeals gre bmearly ovdered funder meluston). In porficnlar, 7 s

guasilocal, O

Anderson (4, Proposition 6] gave the following charactersation of nonprin-

cipal stromgly prime ideals:

PROPOSITION 2.4. (1, Droposition 4.6]). Lot [t be an dntegral domein
with guoteend fleld ] and led D be oo ronzere ddead of Ko Then the followg
staternends are equoalent:

L. § @& o nonprincipal strangly prime ddeal,

217 = {re K :xf c R} isarving and [ is comparable to sach principel

fractional sdeal of [, O

Lot f e oan ddenl of an integral domain 5 with gootient feld &, Then
ol ={we K el © )}, Aunother chiraclerization of strongly prime ideals

was piven in |1, Propesition 1.3];

Then 7w strongly prame Of and ondy Jf

.r"..l

™)
L
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PROPOSITION 2.5, ([l Proposition 1.3], alse see [3, Proposition 4.2 and
4.8 . Let P e o privee ideal oo integoad dormaim B r_r.m’.":;_imr-ﬂ]‘ j‘rr-_."r_.lf_-ﬁ.'.

Then the following statements wre squivalent

1. s g strongly prime 1deal,
28 = K\ P s mulliplicatiely closed, 3
3. 7 s prame and s copnparable Lo ecch fracdional wdeal of i

Ao 0 I s valualion domosnt weth marimael ddeal P

SR P a preme wdead in some valuation gverving of 2 O

PROPOSITION 2.6, (Proposition 2.5 and [35, Theorem 7] and (5, Coral-
lary AT{B) L Let P obe o strongly prime ddeal of an iadegrel domain 5. Then
Rp= P P if and only if Bp is a valwalion domain, In perticular, o I is

nongaastinl ddeal of B, then Hp = PP Ea velwabon doemnin, 0

PROPOSITION 2.7, (135, Theorern 1)) Let i be a psewdo-valeation do-
wainy, and led | be anoidead of Roand P e a promee ideal of Bostweh thet P 1.

Then P g prime sdeal of o = {ec Kool c [} O

PROPOSITION 2.8, (|41, Thearem L4 and Theorem LS Let &t de an

inetegral dovrain with quotient ficld [ The following statemonts are equivalend:

1. s o psendo-valuation domam.
20 A mrarmal wdeal of W oas strongly prome.

d. Foreachax € K\ R and for each nonumit o of B, we hove 7% 2 1 [0
The lellowing praposition is a restatement of Proposition $.8(3),

PROPOSITION 2.9, (|10, Proposition 3(4)]) An integral domain is o PV
of and budy of for everya, b€ R, sither o | b oor b | ae for étery ronunit ¢ of
RO,
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PROPOSITION 2.10. (131, Carollary 2.9], alse see [0, Proposition 5) ) If
a psedo-valuation domein I has a wonzero principal prime adeal, then It s

walwalion domain. O

Hedstrom and Houston [31, Theorem 2.10] gave the following cluracleriza

tiom of pseudo-valuation domains:

PROPOSITION 2.11. (31, Theorem 2.10|5 Let (.M} be a quasidocal
domain with guotient field K which s nol o valuation domain, Then K ois
a psendo-valuation domaim if and only of M ' = {re K i 2M < R} is o

vatuation demain with macmal idecd M. D
Anderson and Dobbs |6, Proposition 2.5 sharpened the above Propoesition,

PROPOSITION 2.12. {|6. Proposition 2.5]). Let (M) be a quasilocal
dirrtain webh guatient field W, Theiv Kis e peenda-vialnation demain if and
wrdy if Mot M=dg e K oM C MY dsoa valuation domain with miaremal

idenl N, O

Anderson [4, Proposition 4.1] gave this characterization of pseudo-valuation

domains;

PROPOSITION 2.13. (4. Proposition 4.1]). Let R be an integral domain
with quaticat field K. The followdng statenients woe eguevalond

1. s o pseudo-vatuation domam, {end hence quasilocel);

2o toreechz e K oand IJ'?'.\'.TH.EZ wdeal ' of A, w2 and P are comparable (under

incliston gy,

Il A s a ring, then UJ(R) denores the set of all units of /. Anderson
and Anderson |1, Thearem 1.2] gave the following characterization of pseudo-

valuation dormains:

43

PROPOSIUTION 2014, ([1, Theorem 12|00 Let I be oo field and R be o
subrang af K wath group of umils U(R) Then 5 = (K0 KU UM s mul
tipheatrvely closed 1f and enly of ether 8 15 o pseudo-valuatron domain with

guotient feld }Woor B e oo subficld of K, 1

Let b be an element of an integeal domain H. Then an element d ol 7 is called
a proper divisor of U if b = dm for some nonunit m £ 17 Badawi[12, Proposi-

tion 4] gave the follewing characterization of pseude-valuation domains:

PROPOSITION 2.15. (12, Proposition 4]). An srebegral domam 13w o
pseudo-valuation domain if and enly of for every o, b8 K ettheva [bord|a

for every proper dunsor o of b O

Anderson and Dobbs [6, Proposition 2,6] showed that o psendo-valuation

dormain s the pullhack of a valuation domain:

PROPOSITION 2.16. (6. Proposition 260, Let V' be o valuatson dowan
wnath mupeemal wdeal M, F = VM s resulie field, o0V — F the eanenieal
epangrphsm, & o subfield of F, and B = 7'k} Then the pullback R =

V' wpk oo psendo-veluaiion domain. O

In the following propesition, Debbs (24, Proposition 1.9] gave an exten-
sion ol Hedstrom-1louston's observation |3, Example 200 that the 2+ A

canstriuction vields a psendo-valuation domain whenever 1 s a Held.

PROPOSITION 2.17. (|24, Proposition 4.0]) Let M £ 0 be the mogvmal
wdenl of o valyation doman Vo= K4 M, where K05 a field Let D e o proper
subping of K. Set B = D M. Then U is a psendn-valualion domain if and
oty if erther 1) 45 a peendo-viduation domam wfh guobient field Koo L) i3 4
Jivddd.
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2.1 Examples of pseudo-valuation domains, Hedstram and Houston gave

the Tollowing example of & psendo-valuation demain that s not aovaluation do-

triain:

EXAMPLE 2.1.1. {[3]. example 2.1)). Lel V' be a valuation domatn of the
Jorm K+ M, where K as a field and M s the mavimal ideal of V. If ' is
o proper subfield of K, then i = F+ M &5 o pseudo-valuation domain tht
sonot o velwation domam. i partiewlar. of K wsoa field and I és a proper

aubfield of K, then F+ X K[| X]] s a0 psewdo-vehwation domain that is not o

valnation doman. For example, ¢ + X R|[X|| & o psewdo-valuation doyiain

that @ net a valuction domearm: O

EXAMPLE 2.1.2. (32, Example 3.1]), For each positive intiger i {passibly
mifindte). there 13 a pscudo-valuation domain of Eewll donension n ihat s nol

o vadiwglon domame Let 1) = Q + X1

X, Then 1) 4% u psendo-valuation
domiatn of el donension | that @ net o veleation domain, Now, o
that n = 1. Let K be the guotient field of I Thea there i a eeluation: dosmiain
af the form K + M with macimal weal M oof Kewll divension n— 1, Then
H= 0+ M a psendo-veluation domean by Proposition 217, Iy stosdad
propertics of the I3 4 M-construction; i s net o valvation: domain dnd 7 has

it Ardl dimension.
d. OVERRINGS THAT ARE PSEUDIO-VALUANTION DO ATNS

Hecall that i 2 1s an integral domain with quotient field &', then we say that

f3 is an overring of Kif B ¢ B¢ K. Westart with the [ollowing proposition:

PROPOSITION 3.1. {31, Proposition 2.6]. Let B be o psendo-valuation
domain with marimal fdeal M. If P is a nenmazimal prime ideal of It, then

Ry s w waluation dorain, fand hence a pseudo-valuation devmen ). 0,

PROPOSITION 3.2. (13, Proposition 4.3, alse see (9, Proposition 6]), Let

B de an dndegead domtarn with quateent! fleld K. Swpopose thal P 158 nonzem
strowgly prone wleed of K Then

L. If P ismol prncipel, then P = fz e K: 2P Cc R} =P P={z¢

Koo © P oas o eobuelim dominr; .

o df P ogs pranespal, then P o0 = oo walwation deman, 0.

Andersan, Badawi, and Dobbs [8, Lemma 20| showed the followmg:

Q A PROPOSITION 3.3, (5 Lemma 20|, Let B be a psesdosvaluation doman

with mozriel sdeal M. Let 1 be anooverringof B0 IF 57 € B for soime

nonzern s € M, then B w o psendo-valuation doman, O
Let ¥ be the integral elosure of J1.

PROPOSITION 3.4, ([31, Proposition 2.7]. [24. Proposition 4.2]). Let B
be i pstudo-valuation domean with mocoral wdeal M. Then B = M 0 M of

ard nady i every overring of B s g peewdo-vabuation domam, 5

Badawi showed the follaowing,

PROPOSITION 3.5. (|12, Corollary 18]}, Let R b @ pseudo-valuation do-
preene il sneerinnd ddeal ML Then e followng shaderments are eguavalent;
L 2 =M M-
4. Bvery overving of 1w g preudo-paluation domam
30 Eeery averping O of Boswel that & < M @ M 45 o psewdo-valuation
desricein,
b Boery overring €7 af £ swch that & M 2 M 120 pscudo-valuntion

dovnarn welle woamimal ideel A,

wn

M is the maginal ddeal of svery overring € of B osuch that © © A 2 M.
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G K C 07 satisfies the INC vondition for every overring O of B osuch that
e M oM Reeall thal B o6 .\'rl!'.l'.w'ﬁm-' the TNC comiditoom of vy b

prnnee ddvals of Chaith the same contraction in [ are meemparable Gender

inclission), )
Anderson, Badawi, and Dobbs showed the fol swing

PROPOSITION 3.6, {15, Comllary 22] £F (R, M) &5 o pseado-valiation
donrin, then the following eondilions are eguivalent

L. = M M.

2 Euery overring of 7 as o peewdo-valuation damatn

do By ovcring of BOthat dovs nol cordaan an clemend of the form | /s for

some s € M s pseado-tatuation doman,
A, For eacli we (M2 M)\ R Rlu] is a pseado-oalaation domain
Ao Fareach w e (M MVR, Rl b5 quasiloeal,

G, Ewery overrmg of { s quasiloeal T
Badawi|13, Theorem 3] proved the following resull:

PROPOSITION 3.7, (|13, Theorem 3]). Let (1, M) be a psendo-valuation
demran with guetiont ficld K, and let Ve o vaination demoeim with magina
idead N sueh it R oV Cc K. If P = NN R & different from M, then
V=Rp O

The abwwe resull was used Lo prove the [ollowing:
PROPOSITION 3.8. (|13, Theorem 8 ) Led (I, M) be it psewdo-valuition
domraen weth quotient field K. The following are squivalent:

L= MM

2. Bwery milwation domgin Voof B oethar than M - M such that RV o K

ig of the form Rp for some nopmucmal prime fdeal P of K.

de Buvery overving of B ods @ pseudo-valuation demaoin

Hecall that an overring 8 of an integral domain i is called a proper averring
ol Hif A # H Let It be an integral domain with quotient feld i Okabel36)]
defined K to be a quasi-valuation domain (QVD} il each proper quasilocal
overting B of i with maximal ideal Mp satisfies the condition ( QV) £ B =

{re K aB ¢ R} = Ms. Dkabie showed the following:

PROPOSITION 3.9. (36, Proposition 1), Every Valuation demain is a

qiasi-wafuation domomn, O
Using Lhe coneept of gquasi-valustion doemaing, Okabe proved the [ollowing:

PROPOSITION 3.10, (J36, Theorem 8]} Let B be a quasioco! domam
with mortmal ideal M and quetient field K. Then the followanyg conditions are
erruivalend:

L. s oo quase-vadualion domain,

b

Each overring of B s a pseudo-valuation domam.

3. Bach proper valuation everring V' oof K sofisfies (QV),

it Back proper mamimal valuation overring of 18 satisfles (QV).

- sorne proper nndmad valuation averring of { osatisfiss (QV).

6 RR=M'={reK azMc R}.

Revall that an integral domain Iowith quotient feld K s called seminocmal
2

il whenever =%, 7% & K for some # € K, then « & 1. Anderson. Dabbs, and

Huckaba proved the following result;
PROPOSITION 3.11. {7, Praposition 3.1]).
1. Fach psendo-vabiation domiam 15 seminormal,

2, Let B be a pseudo-valuation dematn with moconad wdeal Moond quetient

field K. Then the following four conditions are equivalent:



(a) For cach oo K\ K, cach overring of I wheeh o maimal withouw! o
is b paendo-valualion doan,

(L) Bach overring of 8 6 sominorma

(o) Bach overring af B oas o peewdospalwabiog dommir,

[} f"=AM-AF O

Let £ be an integral domain with quotient field /. Dabbs and Fontana| 28]
defined B to be a locally psendo-valuation domsin (LPVINIE Bp s a pseudo-
valuation domain [or every {nonzero) prime ideal P of B For a generalization
af locally pseudo-valuation domains 1o the context of arbitrary rings with

nonzers geradivisors see (181 Dobbs and Tontaea showed the Tollowing:

PROPOSITION 3.12, (|28, Proposition 2.2]1  An imdegral domain }ois
i locally paewdo-valuntion dorain f ond only if By ds o pseedo-veluation

domain for every masimad ideal M of B, O

PROPOSITION 3.13. ([258, Example 2.5)), el n =20 Thén therr exists o
lncally psewdo-valuation dosain [ weth precisely nomarmmal adenls, such that

R s nedther o piewdo-valuation doma wor o Prilfer domam,

Proof. (sketch). Let & be a field with the following two properties: (1] there
exist v pairwise incomparable valoation domains ¥, = &+ AL having (maximal
ideal M,, residue class field boand) o comman guotient leld: (2) there exisls
mdistinet proper subfields &y of & Then f& = 70k, + M1 s a locally pseudo-
valuation domain, and s neither a Pritfer demain nor a paendosvaluation

domain, |

Let £ be an integral domain with quotient field K. Recall from [37] that A is

said to be an domain i the conlraction mapd - Spec|§) — Spec{ ) & an
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injection for each overring 5 of f: equivalently ([37. Corollary 2.15]), il the

integral elosure of Hy dsaowaloation domain for cach maximal ddesl 8 of /2

PROPOSITION 3.14. (|25, Thearem 2000 Lel It be an tegrad doman,
Thew the following conditions are cqivalont;
l. Fach overring of W ois a locally psewdo-valuation demain, .
2. Ry oa loeally psendo-valuation domian and cach overving of B s sevmn-
el
Ao B o a toeally peeudo-vatuation domase and 1 s 0 Peilfer dome,

4. A s n lvcally preudo-velnation demian and an @ domam: T

PROPOSTTTON 3.15, 28 Carodlary 21004 Led B be 0 psendo-valualion
domeatn wdth mazimal ideel M. Then the fallowang conditions a egurvalend:
1. Each overvmg af It as semanarmal,
2o Kach overemg of B s oo decally psendo-valuntion doswram

3. Bach everrmg of T o psewdo-valuation domam.
do o = MaMo0.

Let £ b ancintegrad domain with quotient field K. Matsudal33] called an
owverring of It which is maximal without a specified element of K 1 aspecified

averring s-owerring. Matsudal33] shiveed the Tollowing

PROPOSITION 4.16. {|.'RL Theorem 4] Assame tha! B s oo demaor wilh
A" s quasdoeal, Then of each soverrmg of B oas o psendo-valeation domam,

then cach overming of B s a psewdo-valualion domam. 0

PROPOSITION 3.17. (133, Theorem 41}, Let B e an integral domarn with

guotient field K. Then the fullowing condilions are sguivalent.

. Each ssoverring of I s a psewdo-oabwation daomeaim.




3. Barh s-overring B of B is « pseudo-valuation domam willh maemial wdeal
Mg, and B"= My Mg,

3. Euch s-overrimg B oof R s an -domain, and each wtegrad overring of H
is seminorimal.

4. For each s-overving B of R, each integral overving af [ semuorind,
arid B! s o prendo-veluation doman.

5. Each overring of R s seminormal, and, for cach overring B of R which
is pol an -domain, B contains no s-gverrmyg of 5.

i, Each overring of £ s semmormal, and cach s-overring af I 1= an i
dlatrin,

7. Bach miegral overrmg af B s sevumormal, Bt a Pricfer domain, and
pach ssoverring of K 15 anoa-domaan,

% For each mazimal ideal M of R. vach s-overring of Hy is a pseudo

voluation doman,

Let 7 be an integral domain. Recall that /s called f-closed if, whenever
a1 e & R satisfies a® 4 arc — & = (), there exists h € K such that b — vfi=q,

and B — ri? = ¢. Picavet[38] showed the fallowing:

PROPOSITION 3.18, (]38, Proposition 3.1|). Lef R be a psendo-valuation

dommain with wozimal ideal M and quotient field K. Then:

L. A is f-elosed.
2. The fallowing conditions are equinalont:

{a) Each overring of R is a psewdo-valuation domain.

(b} Each overring of I s t-closed.
{0} Each vverving of K is semtnormal.
(d)y B'=M: M.
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(e} For rach o € K\ R, each overring of It which is marimal without o

is o paendo-valuation damatn. O

4. ATOMIC PSEUDO-VALUANTION DOMAING

Let K be an integral domain. Recall that a nonunit @ of R is called an atom
of B il o is an #rveductble element of 1 [ ench nonunit clement of s a
product of atoms of &, then J? is called an atomie domam. It s well-known
that a Noetherian dorain is an atomic domain, Hedstrom and Houston[31]

showed the [otlowing:

PROPOSITION 4.1. {[31, Theorem 3.1]). Let R be a Noetheran domaein
with quotient field K and inlegral closure U, Then R s o psewdo-valuation

domain if and only if B @ a valuation doman. 1

PROPOSITION 4.2. (131, Proposition 3.2)). If s a Noatheran psendo-

waluation domain which is not a fleld. then { has Kralll demension 1.0

PROPOSITION 4.3. (31, Corollary 3.3]) If 1T is a Neetheran pacido.

valuation domain, then every overring of It 15 a prendo-valuation o, O

Let F be an atomic integral domain, Anderson and Mott [2] called a subset
&l I a wnsversal iFeach element of 5 s divisible by each atom of X Anderson

and Mott ju [2] showed the following:

PROPOSITION 4.4. (|2, Theorem 5.11). Let B be an atemic quastocal
dontain with marimal idead M. Then B s a psendo-vatuation domaire if and

only if M* is imiversal. O

The following result is a stronger version of Proposition 4.2
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PROPOSITION 4.5. ({2, Corollary 52| and 12, Theorem 4]) and [23] 1 {f

s e atommie pseuda-vaduation dotrain whick oo nof a ficld, then B fas Krul!

dimengaen §, O

Beeall fram [34] that an atomic integral domain & s called a halfactoriad
dlomain (TIFDY il each factorization of & nonzero nonunit element of K o
a product of irreducible clements (stoms) of 7 has the same length, Let i
be a half-factorial domain and @ be a nonzero dement of & Then we define
Lz = il @ = @y for some wtoms o« of £ 1 735 2 unit of £, then

Lix) = 0. We have the following:

PROPOSITION 4.6. ([2. Theorem 6:2], alse ser |12, Theorem 3]). If & s

un atomie peevde-valvation doman, then 8w a holf-factoral domam,

Badawi [12] gave a characterization of atomic pseudo-valuation domatns in

terms of hall-Lictorial domains.

PROPOSITION 4.7, (|12, Theorem 61} Let B be an atornie domarn. Then

e follownng stofements are eguivalent;

Lo A oo o psewde-valuation domain,
2. R as e half-factorial domain and for cvery o,y € K, i Lix) < Liy), then
&y R0

L1 Examples of atomic pseudo-valuation domains.

EXAMPLE 4.1.1. (31, Example 3.6]), Let B = Z[(5) 2.1 + V5.

Then #t ssoa Noethertan { and hence alomic) psendo-valuation domain,

EXAMPLE 4.1.2. ([2]L Let k be any fleld and XY be indetermminates.
Then B = k+ XK X]] is an atomic psendo-valuation domain that is not

Noetherion
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For further study on examples ol psendo-valuation demains, we reenmmend

[29] and (23],

5. RELATED RESULTS

Let /t be a subring of an integral domain T, Dobbs, Fontana, Iluckaba,
and Papick [30] called a prime ideal F of £ T-strong if, whenever x € T and
g T aatisly my & P othen either r & P or g e P I each prime ideal of &t
is T-strong, then T is callel & strong extension of B or B¢ T is 4 strong
extension ). Evidently, anintegral domain & with quotient figld & s a psewdo-
valuation domain il and only il £ K s oostrong extension. The fallowing
is an example of of a strong overring extension 7 < T of domaing for which
neither A nor 7" s quasilocal, (and hence neither /2 nar T is a psendo-viluation

domairn.

EXAMPLE 5.1. (30 Example 2.1} Let L be the quotient field af Z|X],
and V' = i, 4 ,-'!'.lra“;";’]_] (observe that V'ods o voluetion donumn wnth sl
ideal XL||X]]) Set B =Z + XL[[X]] and T = Z|X]+ X L|[X]- Then R T

is a strong overring ectension with the stated properties. T = Z[X |+ X L[ X]]-

Rocall from [25] that a prime ideal P of an integral domain /35 said to be
ddviricled in B30 P s comparable (ander inelosion) with each principal ideal of

B The following resull, is stated in [30]

PROPOSITION 5.2, {[30, Theorem 2.3]). Let P be o firsine ddeal of an
tntegral domeain K. Then B C Rpods o strong extension o and ondy o both P s
dividid in It and B/ P i oo psewdo-valuation domain, Furthermors, if £ fp
15 a strong exfensior, then the sel of all prome tdeals of I which contain P s

linearly ordeved by melston and B s guastlocal, O
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The lollowing result (30] states a characterization of psendo-valuation do-

mains in terme of strong extensions:

PROPOSITION 5.8, (30, Theorem 2.9) ). A domain [ is o peendo-valudtion
doman if and only of 1 has o prome wdeal P satisfying the following two con-

ditoms:

1. T Rp is e strong extension; arid
2. Rpoas ¢ valuation domain. Reeall that if A ix a ving then U{A) denotes
tha set of all wnits of A O

PROPOSITION 5.4. (30, Theorem 3.1]). Let B be an antegral domain
whach s distinet from its quotient feld K and T w5 an sbegrad domam contams
K T, then B C T as n strong extension if and only of both B 15 a

pseudo-valuation domain and (7T} = (F{K). O

Let R beoan intepral domain. Becall that an idesl £ oof 5235 called a cancel-
tation ideal il. whenever 1J) = IJs, then J; = /5. Also, recall that an ideal
I of s called a quasi-cancellation ideal, il @f © I.J for some a € 7 and a
finitely generated ideal J of K. then a € J. Matsuda and Sugatani [34] proved

the following:

PROPOSITION 5.5. /34, Smnmary] ),

L. Fora psewdo-voluation dormuin i, aononzers wdeal | oof B caneetlation
ideal if ond ouly if 1 is 0 primempal ideal,

2. There is o psendo-valuation doman R that is not g velualion domain,
sieh that R has o quasi-cancellation ideal which s not o concellation
idend, O
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Badawi and Houwston in [ 19] called an ideal I of an integral demain 1 with
quotient field & powerful i, whenever m € K,y € K, and oy £ [, then sither

zelorye [

PROPOSITION 5.6. (19, Propesition 1.3, and Corollary 1.6]). A prirs
wteal of It as strongly prime of and only of it @5 powerful. [n particular, an
sntegral domarm B ds a psende-valuation domeam i and only if o marinal idea!

of 1t & powerful. O

PROPOSITION 5.7. {14 Proposition L14]L Let [ beoa powerful ideal of
arl antegrid dowmain B, and suppose that 12 C {1 is o nonzero finitely generded

prime fdeal of H. Then B a psevdo-valuation domain. O

Heeall that B denotes the integral closure of an integral domain B inside

its guotient feld.

PROPOSITION 5.8, (18, Theorem 1.15)). Suppose that wn integral do-
it It awith guoliend field W oadmits o powerful sdeal T and that M = Bad( 1) =
{re R:iax" el for somen > 1} s a marimal wdeal of . Then -
l. A s quasdocal with marimal sdeal M
20 TR C M, and therefore T 15 an sdeal of K.
3. A s e psewdo-valuntion domamn weth marvmal wdeal N = Rad(IR'), and
henee N 0N = {o & K 2N © N} 1 a valvation overrang of B wnth

rhiiinal zdeal N, O

Recall from [19] that an ideal ! of an integral domain & with guotient field
& 35 called strongly promary if, whenever zy € 1 for some =,y € K, we have
zefory™ €1 forsomen = 1 An integral domain K s called almost pseudn-
valuation doman (APVD) i every prime ideal of | is strongly primary. Also,

recall from [25] that a prime ideal of # 15 called divided if it 15 comparable to
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every principal ideal of ft. [T every prime ldeal of I is divided, then i is called
a divided domain. Dabbs in [24] proved that o pseado-saliation domain js a

livicden] dommain. Badawi and Houston in [19] saowas] e Tollowing,

PROPOSITION 5.9, (18, Proposition 3.2],. Lel & be an alinost pseudo-
wiluidion domain. Then I8 o (guasilocal) divided domedin. Moreover, every

reorenertired prome wdead of Boes strongly prmee, O

PROPOSITION 5.10. (|19, Theorem 3.4|). The following statements are
epurvalent for an idegral domearn 1:

Lo J s adost psewdo-dornain,

2 Some mapimal ideal of B s strongly prioviry.

At o oguasilocal deradng, ared Mhe muceenal sdead MOouf 1 ois such that

MM i n waluation dorain anfi M s pernary Lo e maceomad denl of

Mo M. O
PROPOSITION 5.1, (1%, Proposition 3.7, 10K & an almost psedo:

wikuation domarn with mazemal ideal M, then U s a pseido-valuation dowmain

wrdle sl wdeal M. O

PROPOSITION 5.12. ([19, Propesition 3.8]). If each svering of an inde-
grid domein B s anoahnost pseudo-veluation domamm, then & o valuoiion

deomeem, O

The converse of the Praposition 512 is lalse (see |19, Example 3.9].) How-

ever, wesstate the fobllowing resuli:

PROPOSITION 5.13. (1% Proposition 3,10, Let i be an almost pseuwdo-
valuation domain, and assume that cuery witegral averrmg of B oes an almost
paewde-valyation domam.  Then every overving of f is an almost psewdo-

valuation domain, O
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In [21] Bastida and (Gilmer prove that a domain f# shares an ideal with o
aluation overring iff cach overring of & which = different from the ot ient
fielkd A7 ol /f has o nongero conduetor to B2 Domains with this property, callod
comdutenve dormams, were explicitly defined and stndied by Dobbs and Fedder
[26] and further studied by Barncei, Dobbs, and Fontana [20 and [27]. Recall
from [26] that an integral domain £ with quotient fleld K s called o f:rmdm::.l.t:c
domain if for cach overring T ol K, the conductor 1 T'= {e € K 2T B is
nongero. Badawi and Houston in [19] showed that conducive domains, powerful

ideals, and strongly primary ideals are intimately connected.

PROPOSITION 5.14. (|19, Thevrem 4.1]). The following statements are

erprtvadend.

1. i is a conducree domain.
2. R adwats a powerful wdeal,
Fo B oadmals astrongly premoery ideal,

4o N shures v nonzero sdeal with some conducive awerring. [
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